We establish a sufficient condition for compact hypersurfaces of a complete riemannian manifold to be spherical. It is well known, from the works of Jacobowitz, Jorge and Koutroufiotis, and others, that the maximum sectional curvature of such hypersurfaces can be estimated from the curvature of the ambient space and the outer radius. Our result sharpens these estimates. It also implies a new nonimmersibility theorem of the Chern-Kuiper type.
Introduction
Let M be a compact riemannian manifold of dimension d and of class C°° . Chern and Kuiper [6] showed that if the sectional curvature of M is everywhere nonpositive, then M cannot be immersed isometrically into R + for any k < d -I . Jacobowitz proved that if /: M -> R + , k < d -1 , is an isometric immersion and f{M) is contained in a metric ball of radius p, then the sectional curvature of M satisfies supZC > l/p". In [3] and [4] , Beltagy proved analogous results for immersions f:M->M + (c) where M + (c) is the simply connected space form of curvature f / 0 and dimension d A-k, with k < d -1 once again. Namely, he found that if c < 0, then sup K > -ccsch"{y/^cp), and if c > 0 and p < n/2{,fc), then supZC > ccsc"{y/cp). The purpose of the present paper is to describe for the case of hypersurfaces what happens in the event that the inequality is attained in these results. More precisely, we prove the following theorem. Theorem 1. Let f: M -* M + {c) be an isometric immersion of a compact riemannian manifold of dimension d > 2 into a simply connected space form. Suppose that f{M) is contained in a metric ball of radius p. Assume either one of the following conditions: Similar rigidity phenomena were previously observed for the estimate of the mean curvature by Markvorsen [11] , and, for the case d = 2 , Koutroufiotis [10] proved Theorem 1. Actually, the proof in [10] is only for the case c = 0 but a closer examination of the proof shows that the argument is valid for arbitrary c. It does not generalize to higher dimensions, however. For d > 3 , Theorem 1 is a special case of the following theorem. Also, since the boundary of a normal ball in a space form is isometric to a sphere of constant curvature, we obtain the following corollary. Then M cannot be immersed isometrically in any closed normal ball of radius < p in M unless M is isometric to a d dimensional sphere of constant sectional curvature.
In this paper, we will review some definitions and preliminary calculations in §2. Then, in §3, we will prove Theorem 2. The key step in §3 is Lemma 3.1, where we prove the subharmonicity of a certain modified distance function from o. Theorem 1 follows from Theorem 2 as an easy corollary once pc is explicitly defined.
Preliminaries
Let M be a compact riemannian manifold of dimension d > 3 and M a complete manifold of dimension dA-l.
Let / : M -* M be an isometric immersion. We assume the manifolds and the immersion to be differentiable of class C°° for the sake of simplicity, although all of the arguments hold for class Cr for sufficiently large r.
We denote by a e T(T* M ®T* M<g> M) the second fundamental form of /. If c > 0, we also assume that supv€vW d0(f(x)) < n/(2y/c). In this case, we have In [8] , an inequality is proven concerning the supremum of the left side under a weaker assumption; namely, M is assumed only to be complete with scalar curvature bounded below and the codimension of M in M is assumed to be less than d. Our proof is essentially identical to that case.
Proof. Since p is a maximum point for tp , for any v e T M, hess tp(\, v) < 0. Now let kx , ... , Kd be the principal curvatures of the immersion at p, and let e,, ... , ed e T' M be the unit vectors in the corresponding principal directions. Then, for each i, by (2.3) and the Cauchy-Schwartz inequality, 0 > hess;) <p(e¡, e,) > pc[d0(f(p))] + (gf{p), a(e,, e,))
Rearranging the equation, we have
Now, noting that pc(t)/t is a monotone decreasing function on t > 0 for c < 0 and on [0, n/(2y/c)) for c > 0, and that d0(f(p)) < p by assumption, we have 
Since v and w were chosen orthonormal, we obtain the desired inequality. Note that here we are using the assumption that d > 3 . We claim that on U, Atp >0.
By way of contradiction, assume that Aq>(q) < 0 at some q e U. Then, taking the trace of (2. 
Since 0 < e < (d -2)pc{p)/p, this again contradicts our curvature assumption.
Hence, A<p(x) > 0 for all x e U.
Lemma 3.1 implies by the maximum principle for subharmonic functions that <p(x) = tp{p) = \p on U. But this implies that whenever p e M has d0{f{p)) = p, then d0 o / = p in a neighborhood of p . Since we are assuming that M is connected, dQ{f{x)) = p for all x e M and f(M) coincides with dBp(o).
Moreover, the inequalities in (2.3) and (2.4) must be equalities at each point in M. By the equality given by (2.3), the sectional curvatures along every geodesic joining o with a point of f(M) must equal c identically. It is then a standard argument to show that B {o)~~ is isometric to a ball in M +\c).
For instance, since B (0)~ is assumed to be normal, one may use the Rauch Comparison theorem. See, for example, the book [5] .
Lastly, suppose that M is not connected. Then the / image of each connected component of M coincides with dB (o). However, since B (o) is a normal ball, dB (o) is connected. This completes the proof of Theorem 2.
